We construct small models of number fields and deduce a better bound for the number of number fields of given degree and bounded discriminant.
INTRODUCTION
In this note we prove the two theorems bellow. such that the (smooth and zero-dimensional affine) scheme with equations E 1 = E 2 = ⋅ ⋅ ⋅ = E r = 0 and det (∂E i ∂x j ) 1⩽i, j⩽r = 0 contains Spec K as one of its irreducible components.
Theorem 2 (Number fields with bounded discriminant). There exists a positive constant O such that the following is true. Let n ⩾ O be an integer. Let H ⩾ 1 be an integer. The number of isomorphism classes of number fields with degree n and discriminant ⩽ H is ⩽ n On log 3 n H O log 3 n .
The meaning of Theorem 1 is that we can describe a number field using few parameters in some sense. We have a short description of it as a quotient of a finite algebra : the smooth zerodimensional part of a complete intersection of small degree and small height in a projective space of small dimension.
Theorem 2 improves on previous results by Schmidt [7] and Ellenberg-Venkatesh [4] . A key point is a better interplay between geometry of numbers and interpolation theory to produce small projective models of Spec K. Another key point is to look for local equations rather than a full set of generators of the ideal of these models.
SHORT INTEGERS
Let K be a number field and let n be the degree of K over Q. Let O be the ring of integers of K. Let (ρ i ) 1⩽i⩽r be the r real embeddings of K. Let (σ j ,σ j ) 1⩽j⩽s be the 2s complex embeddings of K. We also denote by (τ k ) 1⩽k⩽n the n = r + 2s embeddings of K. Let
be the Minkowski space. An element x of K R can be given by r real components (x ρ ) ρ and s complex components
For such an x in K R we denote by x the maximum of the absolute values of its r + s components. The canonical metric on K R is defined by < x, y >= 1⩽i⩽r
In particular the contribution of complex embeddings is counted twice
The corresponding Haar measure is said to be canonical also. The canonical measure of the
The map a ↦ a ⊗ 1 injects K and O into K R . For every non-zero x in O we have
x ⩾ 1.
Let (α i ) 1⩽i⩽n be any Z-basis of O. Set A = (τ j (α i )) 1⩽i,j⩽n . The product AĀ t is the Gram matrix B = (< α i , α j >) 1⩽i,j⩽n of the canonical form in the basis (α i ) i . The volume of O according to the canonical Haar measure is the determinant
Applying Minkowski's second theorem [8, Lecture III, §4, Theorem 16] to the gauge function
x ↦ x we find that O contains n linearly independant elements ω 1 , ω 2 , . . . , ω n such that
We assume that the sequence i ↦ ω i is non-decreasing and deduce that
This inequality is a bit unsatisfactory because it provides little information on the largest ω i . To improve on this estimate we use the fact that O is an integral domain. We let m = ⌈(n + 1) 2⌉ be the smallest integer bigger than n 2. On the one hand
On the other hand the products 
SMALL MODELS
and r ⩾ 1 be two integers. We assume that
Let M be the set of monomials of total degree ⩽ d in the r variables x 1 , . . . , x r . We have
We may associate to every element in M the corresponding degree d monomial in the r + 1 variables x 0 , x 1 , . . . , x r . We thus identify V C with H 0 (O P r C (d)), the space of homogeneous polynomials of degree d. Let (P τ ) τ be n pairwise distinct points in
The P τ are indexed by the n embeddings of K. These n points form a set (a reduced zerodimensional subscheme of P r C ) called P . We call I the corresponding ideal sheaf on P r C . We denote 2P the scheme associated with I 2 . It consists of n double points. We say that the scheme 2P is well poised (or non-special) in degree d if it imposes n(r + 1) independent conditions on degree d homogeneous polynomials. Equivalently, the map
is surjective. This is the case if and only if the n(r + 1) × d+r d matrix M 1 P = [(m(P τ )) τ, m∈M , (∂m ∂x 1 (P τ )) τ, m∈M , (∂m ∂x 2 (P τ )) τ, m∈M , . . . , (∂m ∂x r (P τ )) τ, m∈M ] has maximal rank n(r + 1). We note that M 1 P consists of r + 1 blocks of size n × d+r d piled vertically. It has maximal rank for a generic P when d ⩾ 5, according to a theorem of Alexander [1] , generalized by Alexander and Hirschowitz [2] . See [3, Theorem 1] for a simpler statement and proof.
We now let (α i ) 1⩽i⩽n be n linearly independant short elements in O as in Proposition 1. We pick rn rational integers (u i,j ) 1⩽i⩽n, 1⩽j⩽r and we set
be the corresponding morphism of schemes. Tensoring ǫ Q by R we obtain an homomorphism
the corresponding morphism of schemes. We define
We now consider the points (P τ ) τ such that x 0 (P τ ) = 1 and
The maximal minors of the corresponding matrix M 1 P are polynomials of total degree ⩽ dn(r+1) in the u i,j and one of them is not identically zero. The latter determinant cannot vanish on the cartesian product [0, dn(r + 1)] nr . Thus there exist nr rational integers u i,j in the range [0, dn(r + 1)]
such that the corresponding scheme 2P is well poised. We assume that the u i,j meet these conditions. Since 2P is well poised, P is well poised also. So e Q , e R and e C are closed embeddings. In order to describe them efficiently we look for polynomials with degree ⩽ d and small integer coefficients vanishing at P . We denote by V R = R[x 1 , . . . , x r ] d the R-vector space of polynomials in R[x 1 , . . . , x r ] of degree ⩽ d. There is a unique R-bilinear form on V R that turns the set M of monomials into an orthonormal basis. The lattice of relations with integer coefficients and degree ⩽ d is the intersection between Ker ǫ R and
This is a free Z-module L ⊂ V R of rank
We set L = L ⊗ Q R the underlying R-vector space and L ⊥ its orthogonal complement in V R . We denote by L ⊥ the intersection Applying Hadamard's inequality to the n × n determinant of M 0 P (M 0 P ) t we deduce that the volume of the lattice L of relations is bounded from above by D n where
Recall that the dimension of L is
For any x in V R we denote by x the ℓ 2 -norm in the monomial basis. 
We assume that the sequence i ↦ E i is non-decreasing and deduce that the size of the i-th equation is bounded from above
for every 1 ⩽ i ⩽ ℓ. Again, this inequality is a bit unsatisfactory because it provides little information on the largest equations. This time we see no other way around than forgetting the last n − 1 equations. On the one hand
On the other hand the scheme 2P is well poised and the C-vector space generated by the E i for 1 ⩽ i ⩽ ℓ + 1 − n has codimension n − 1 < n in L ⊗ R C. So there exists at least one embedding τ such that the (ℓ
has maximal rank r. In more geometric terms the C-vector space generated by the ℓ + 1 − n first equations (E i ) 1⩽i⩽ℓ+1−n surjects onto the cotangent space to P r C at the geometric point P τ for at least one τ . This means that there exist integers 1 ⩽ i 1 < i 2 < ⋅ ⋅ ⋅ < i r ⩽ ℓ + 1 − n such that the minor determinant of ((∂E i k ∂x j )(P τ )) 1⩽k, l⩽r is non-zero for some τ and thus for all τ by Galois action.
Proposition 2 (Number fields have small models). Let K be a number field of degree n and discriminant d K over Q. Let d ⩾ 5 and r ⩾ 1 be rational integers such that n(r + 1) ⩽ d + r d .
There exists r polynomials E 1 , E 2 , . . . , E r of degree ⩽ d in Z[x 1 , . . . , x r ] having coefficients bounded in absolute value by
and such that the (smooth and zero-dimensional affine) scheme with equations E 1 = E 2 = ⋅ ⋅ ⋅ = E r = 0 and det (∂E i ∂x j ) 1⩽i, j⩽r = 0
contains Spec K as one of its irreducible components.
PROOF OF MAIN RESULTS

